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ABSTRACT Statistical-thermodynamic models for the excluded volume interaction between an unfolded polypeptide chain
and a hard sphere or hard rod cosolute are presented, permitting estimation of the free energy of transfer of a polypeptide chain
with fixed radius of gyration from a dilute (ideal) solution to a solution containing volume fraction f of either cosolute. Also
presented is a general thermodynamic description of the equilibrium between a unique native state and a manifold of unfolded
or partially unfolded states of a protein distinguished by their respective radii of gyration. Together with results of a Monte Carlo
calculation of the distribution of radii of gyration of four different unfolded proteins published by Goldenberg in 2003, these
models are used to estimate the effect of intermolecular excluded volume upon an experimentally measurable apparent two-
state constant for equilibrium between native and nonnative conformations of each of the four proteins, and upon the
experimentally measurable root mean-square radius of gyration of the unfolded protein. Model calculations predict that addition
of inert cosolutes at volume fractions exceeding 0.1 stabilizes the native state relative to unfolded states by an amount that
increases strongly with f and with the size of the native protein relative to the size of inert cosolute, and results in significant
compaction of the manifold of unfolded states. Predicted effects are in qualitative and/or semiquantitative accord with the results
of several published experimental studies.

INTRODUCTION

Recognition of the highly volume-occupied nature of most if

not all biological fluid media has stimulated numerous

experimental and theoretical studies of the effect of steric

exclusion by ‘‘inert’’ macromolecular cosolutes, termed

‘‘macromolecular crowding’’ (Minton and Wilf, 1981)

upon the rates and equilibria of macromolecular reactions

(Zimmerman and Minton, 1993; Hall and Minton, 2003).

Such studies have included the effect of crowding upon the

transition between conformational states of proteins (Minton,

2000; Sasahara et al., 2003; Tokuriki et al., 2004). It is

generally agreed that for the purposes of estimating the free

energy of excluded volume interaction between the native

state of a compact globular protein and a macromolecular

cosolute, the protein may be modeled by an equivalent hard

convex hard particle (Wills et al., 1995; Minton, 1998).

However, calculation of the free energy of steric interaction

between a nonnative protein and a macromolecular cosolute

is considerably more challenging, as the nonnative protein

exists in a manifold of conformational states rather than in

a single conformation.

We previously proposed an effective two-state model for

the native-denatured transition of a protein (Minton, 2000),

in which the properties of the denatured ‘‘state’’ were

calculated as an average over the distribution of nonnative

conformational states, as recapitulated in the next section.

The effect of steric exclusion by a rigid cosolute upon the

distribution of nonnative states, and upon the average free

energy of this distribution, was then obtained by calculating

the free energy of transfer of each individual conformational

state from a dilute solution to a solution containing a given

volume fraction of inert cosolute, or ‘‘crowding agent’’.

Recently, an alternative model for the calculation of the

excess free energy of an unfolded protein has been proposed

(Zhou, 2004a,b), according to which the free energy of ex-

cluded volume interaction between an unfolded protein and

a rigid spherical cosolute is calculated to be substantially

smaller than obtained in our previous calculation. We there-

fore reexamine this problem and propose a modified model

for calculation of the excluded volume interaction between

an unfolded protein and a rigid hard spherical cosolute,

which is based upon a treatment of chain conformation that

we feel is significantly more realistic than that employed

previously, and takes into account intramolecular excluded

volume interaction between different segments of the

unfolded polypeptide chain. The model is then extended to

calculate the excluded volume interaction between an un-

folded protein and a polymer modeled as a long rigid rod.

Using the results, the effect of volume exclusion by both

spherical and rodlike cosolutes on the equilibrium between

native and unfolded conformations of four test proteins is

calculated and compared with previous theoretical results

and recently published experimental data.Submitted July 23, 2004, and accepted for publication November 12, 2004.
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EFFECTIVE TWO-STATE MODEL FOR
PROTEIN DENATURATION

The treatment to follow is amodification and extension of that

presented previously (Minton, 2000). A unique native state is

postulated to exist in equilibriumwith amanifold of denatured

or unfolded states. The native state of the protein is denoted by

N, and the ith nonnative conformational state by Di . In this

model, nonnative conformational states are distinguished by

their respective radii of gyration, so each nonnative state re-

presents an average of all substates with the same radius

of gyration, denoted by RG,i. The chemical potential of N is

given by

mN ¼ m
o

N 1RT ln cN 1RT ln gN; (1)

where mo
N denotes the chemical potential of N at unit con-

centration in ideal solution (no solute-solute interaction), cN
the molar concentration of N, gN the thermodynamic activity

coefficient of N in real solution, R the molar gas constant,

and T the absolute temperature. We select as a reference

nonnative state that state which is most abundant in the ab-

sence of solute-solute interaction under the selected environ-

mental conditions, and denote this state by D0. The chemical

potential of Di is then given by

mi ¼ m
o

D 1RT ln ci 1RT ln gi; (2)

where mo
D denotes the chemical potential of D0 at unit

concentration in ideal solution, and ci and gI, respectively,
denote the concentration and thermodynamic activity co-

efficient of state Di in real solution. The assignment of

a single standard state chemical potential to all nonnative

conformations is equivalent to the statement that differences

between the chemical potential of any two nonnative states at

equal concentration shall be manifested as differences in the

activity coefficients, e.g., when ci ¼ cj ¼ c:

DmijðcÞ[mjðcÞ � miðcÞ ¼ RT ln gj=gi: (3)

At equilibrium, the chemical potential of all species is

equal, and it follows from Eq. 2 that for any two species,

ci=c0 ¼ g0=gi (4)

The fractional abundance of state i within the manifold of

denatured states at equilibrium is then calculated to be

fi [
ci
+
j

cj
¼ g

�1

i

+
j

g
�1

j

: (5)

Since the mean value of any state property X is given by

ÆXæ ¼ Sj fjXj, it follows from Eq. 5 that the mean activity

coefficient of all denatured states is

ÆgDæ ¼
L

+
j

g
�1

j

; (6)

where l denotes the total number of denatured states.

The difference between the chemical potential of the two

standard states N and D0 is a constant at constant tem-

perature, pressure, and solvent conditions. We may thus

define a thermodynamic constant relating the concentrations

of these two species:

K
� [ exp �m

o

D � m
o

N

RT

� �
¼ gici

gNcN
: (7)

Let us postulate that there exists an experimental mea-

surement that permits one to measure the fraction of protein

in the native state, denoted by fN. The fraction of ‘‘dena-

tured’’ protein, denoted by fD, is then 1 � fN. We may then

define an experimentally measurable apparent two-state equi-

librium constant for unfolding of the native state,

KND ¼ fD
fN

¼
+
j

cj

cN
¼ K

�
L

gN

ÆgDæ
: (8)

and a root mean-square radius of gyration of the denatured

state

R
RMS

G [ ÆR2

Gæ
1=2 ¼ +

j

fj R
2

G;j

 !1=2

: (9)

Note that KND is an apparent rather than true thermodynamic

equilibrium constant, because even when the protein itself

is highly dilute, gN and ÆgDæ may depend in principle upon

the concentration of other nominally inert (i.e., unreactive)

cosolutes.

We indicate the value of any variable in the dilute (ideal)

limit with a superscript ‘‘o’’, e.g., go
i or K

o
ND. Since the value

of go
N is by definition 1, it follows from Eqs. 6 and 8 that

KND

Ko

ND

¼ gN

+
j

g
�1

j

+
j

g
o�1

j

: (10)

CONFORMATIONAL STATISTICS OF A
DENATURED PROTEIN CHAIN; CONTRIBUTION
OF INTRAMOLECULAR INTERACTION TO THE
CHEMICAL POTENTIAL

The simplest model of a denatured protein is the random coil

or freely jointed chain (Tanford, 1961). The conformational

statistics of this model have been intensively studied and are

known in some detail (see, for example, Flory, 1969). It is

understood that the random coil model is unrealistic due to

neglect of steric repulsion between different segments of the

same chain, but it has been commonly argued that intra-

molecular steric repulsion may be taken into account by

introduction of an empirical expansion factor (Flory, 1969).

More recently, advances in computer processing speed and

simulation algorithms have enabled intensive Monte Carlo

calculations of the conformational statistics of both on-lattice
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and off-lattice self-avoiding walks (Victor et al., 1994;

Dautenhahn and Hall, 1994; Bishop and Saltiel, 1991).

Very recently, Goldenberg (2003) has reported off-lattice

Monte Carlo simulations of the distribution of radii of

gyration of models of four actual protein chains, taking into

account local steric interactions between adjacent amino acid

residues (i.e., restricted f-c angles). Two sets of calculations

were performed: in the first, long-range steric interactions

(i.e., between nonadjacent residues) were ignored, and in the

second, they were taken into account. Goldenberg found that

when long-range steric interaction was taken into account—

and only when it was taken into account—dependence of the

calculated root mean-square radius of gyration upon chain

length for all four proteins agreed well with experimental

values obtained for a large set of denatured proteins.

According to Flory and Fisk (1966), the distribution of

the radius of gyration of a freely jointed chain is given

approximately by

PðRGÞ ¼ A
R

2

G

ÆR2

Gæ

� �3

exp �7

2

R
2

G

ÆR2

Gæ

� �
; (11)

where P is the relative abundance of a conformation with

a given value of RG , ÆR2
Gæ is the mean-squared radius of

gyration, and A is a normalization constant. More recently,

on the basis of scaling arguments, Lhuillier (1988) proposed

the following distribution of the radius of gyration of a

nonself-intersecting polymer chain in three dimensions:

PðRGÞ ¼ PðR�
GÞexp½�Bð4r�15=4

=51 6r
5=2
=5� 2Þ�; (12)

where RG* is the value of RG corresponding to the maximum

value of P, r [ RG/RG*, and B is an undetermined scaling

parameter. Both of these functions were fit by nonlinear least

squares to the eight distributions of RG calculated by

Goldenberg (four with long-range intramolecular steric

interaction, four without). The best-fit functions are plotted

together with the data in Fig. 1, and the best-fit parameters

are given in Table 1.

It is evident that the Lhullier distribution function provides

a satisfactory semiempirical description of the calculated

distributions, both with and without included long-range

steric interaction, whereas the Flory-Fisk distribution does

not. This result implies that the freely jointed chain model

does not provide a satisfactory description of conformational

statistics of a real nonself-intersecting chain, even when only

short-range steric interactions only are taken into account.

Since all denatured states are in equilibrium, and since

go
0 ¼ 1 by definition, it follows from Eq. 4 that

g
o

i ¼
c
o

0

coi
¼ PðRG;0Þ

PðRG;iÞ: (13)

Combining Eqs. 12 and 13, we obtain

ln g
o

i ¼ B½4r�15=4

i =51 6r
5=2

i =5� 2�; (14)

where ri [ RG,i/RG,0. The calculated dependence of ln go
i on

RG,i for each of the four test proteins, calculated according to

Eq. 14, is plotted in Fig. 2.

EXCLUDED VOLUME INTERACTION BETWEEN
AN UNFOLDED POLYPEPTIDE CHAIN AND A
HARD PARTICLE COSOLUTE

It follows from Eq. 3 that

giðfÞ ¼ g
o

i exp
DmiðfÞ
RT

� �
; (15)

Dmi (f) is the free energy of transfer of an isolated polypeptide
chain with a (fixed) radius of gyration RG,i from a bath of

solvent to a solution containing a volume fraction f of inert

macromolecular cosolute.We shall make two estimates of the

FIGURE 1 Distributions of the radius of gyration for four proteins. The

relative abundance of conformations having a given value of RG is plotted as

a function of the value of RG. Symbols indicate the results of Monte Carlo

simulations of Goldenberg (2003), taking into account long-range steric

interactions between nonadjacent chain segments (circles) and with neglect

of long-range steric interactions (squares). Also plotted are the best-fit

distributions of Lhullier (solid curves) and Flory and & Fisk (dotted curves),

calculated using the parameter values given in Table 1.
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contribution of excluded volume to the free energy of transfer

(referred to as the excluded volume interaction), using two

different models for the polypeptide chain.

Model 1: The ‘‘Gaussian cloud’’

The polypeptide chain with a given value of RG is treated as

a time-averaged spherically symmetric cloud of residues.

The average number density of residues, specified as a

function of distance rp from the center of mass of a polymer

chain, is given by the Gaussian function (Tanford, 1961)

r ¼ A expð�B
2
r
2

pÞ; (16)

where B2 ¼ 3=2R2
G and A ¼ n½3=2pR2

G�3=2; and n denotes

the total number of residues in the chain. This semiempirical

function has been shown to provide a fairly accurate

description of the density for polymer chains that are in a

good solvent, and hence may be reasonably well represented

by a freely jointed chain model (Debye and Bueche, 1952). A

plot of r against r when RG ¼ ÆR2
Gæ

½, calculated for each test

protein using Eq. 13, is presented in Fig. 3. The probability

that a rigid cosolute can penetrate to within a certain distance

of the center of mass of the cloud without intersecting any

residue is calculated as described below, and this probability

is integrated over all intercenter distances to obtain the co-

volume of the polypeptide chain and rigid cosolute.

Model 2: The equivalent hard sphere

The polypeptide chain is treated as an equivalent rigid sphere

having the corresponding radius of gyration, and the covol-

ume of this rigid sphere and the hard particle cosolute are

calculated in the conventional manner (Minton, 1998).

It is emphasized at the outset that we recognize that neither

of these models is expected to provide a realistic picture of

TABLE 1 Best-fit parameter values obtained by fitting Eqs. 1 and 2 to distributions of radius of gyration obtained by Goldenberg

(2003); RG,native taken from Goldenberg (2003)

Protein

RG,native

(Å)

Long-range steric

interaction

included

ÆR2
Gæ

½ðÅÞ
(Monte Carlo

result)

Best-fit parameters

for Flory-Fisk distribution (Eq. 9)

Best-fit parameters

for Lhuillier distribution (Eq. 10)

A ÆR2
Gæ

½ðÅÞ RG* (Å) P(RG*) B

a-TS (268 aa) 16 n 38.4 2647 36.7 32.6 89.7 0.80

y 56.3 1953 52.8 48.1 73.9 1.23

RNase (124 aa) 13 n 25.8 4091 24.8 21.9 136 0.74

y 36.0 3112 35.4 32.0 112 1.04

BPTI (58 aa) 10.2 n 17.3 6019 16.6 14.7 201 0.75

y 23.2 4778 23.1 21.0 178 1.15

v-MVII-Gly (26 aa) 4.45 n 11.4 9433 10.6 9.31 314 0.73

y 14.6 8250 13.8 12.8 321 1.43

FIGURE 2 Contribution of intramolecular excluded volume to the total

chemical potential of a protein chain, calculated as a function of the radius of

gyration according to Eq. 12 for a-TS (solid), RNase (dashed), BPTI (dot-

dashed) and v-MVII-Gly (dotted lines).

FIGURE 3 Density of residues (No. residues/Å3) plotted as a function of

distance from the center of mass. Curves calculated according to Eq. 13 in

the absence of intermolecular interaction for a-TS (solid), RNase (dashed),
BPTI (dot-dashed) and v-MVII-Gly (dotted lines).
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the excluded volume interaction between the polypeptide

chain and the rigid cosolute over the entire range of

accessible radii of gyration. However, as will be discussed

more fully in the concluding section of this article, we do

expect the Gaussian cloud model to provide a more realistic

picture of excluded volume interaction in the limit of large

radii of gyration, and the equivalent hard sphere model to

provide a more realistic picture in the limit of small radii of

gyration (i.e., approaching that of the native protein). We

thus expect the two models to yield limiting estimates of the

magnitude of the excluded volume interaction, and that the

true free energy of intermolecular excluded volume inter-

action will be bracketed by these estimates.

Excluded volume interaction between an unfolded
polypeptide chain and a hard sphere: Gaussian
cloud model

We define the system of spherical polar coordinates

illustrated schematically in Fig. 4. The origin is the center

of the hard sphere of radius rS. A position is designated by

the coordinates fr,f,ug, where r is the distance from the

center of the sphere, u is the angle between r and the polar (z)
axis, and f is a dihedral angle about the polar axis. The

center of mass of the protein chain lies at a distance of rsep
along the polar axis. The point fr,u,fg is located at a distance
rp from the center of mass of the protein chain, where ac-

cording to the law of cosines,

r
2

p ¼ r
2

sep 1 r
2 � 2rsep r cos u: (17)

The volume element dV is defined

dV ¼ r2sin u df du dr: (18)

The average number of segments in volume element dV is

r(r, u)dV. The probability of there being zero segments

within this volume element is given by Poisson’s law

p0ðr; uÞ ¼ exp½�rðr; uÞdV� (19)

and the logarithm of this probability is

ln p0ðr; uÞ ¼ �rðr; uÞdV: (20)

The probability that no chain segments lie anywhere within

the volume of an arbitrarily placed hard sphere is the product

of the probabilities that a chain segment does not lie in any

volume element within the sphere, which is equivalent to in-

tegrating ln p0 over the volume of the sphere

lnP0 ¼
Z
Vhs

ln poðr; uÞdV

¼ �
Z 2p

0

df

Z rs

0

Z p

0

rðr; uÞr2 dr sin u du: (21)

Combining Eqs. 16–21, we obtain

ln P0 ¼�2pAexpð�B
2
r
2

sepÞ
Z rs

0

r
2
expð�B

2
r
2ÞJðrÞdr; (22)

where

JðrÞ ¼
Z p

0

expð2B2
rsep r cos uÞsin u du ¼ sinhð2B2

rsep rÞ
B2 rsep r

:

(23)

Substituting in the values of A and B corresponding to the ith
species, we obtain

lnP0;i ¼ � 6

p

� �½
n

RG;irsep
exp �3r

2

sep

2R
2

G;i

 !

3

Z rs

0

exp � 3r
2

2R
2

G;i

 !
sinh

3rsepr

R
2

G;i

 !
r dr: (24)

We now scale all dimensions to rS, the hard sphere radius:

rsep ¼ fsep rS

RG;i ¼ fG;irS

r ¼ xrS:

(25)

Substituting relations (25) into (24), we obtain the dimen-

sionless relation

lnP0;i ¼ � 6

p

� �½
n

fG;ifsep
exp �3f

2

sep

2f
2

G;i

 !

3

Z 1

0

exp �3x
2

2f
2

G;i

 !
sinh

3fsepx

f
2

G;i

 !
x dx: (26)

FIGURE 4 Spherical polar coordinate system for calculating steric inter-

action between a hard sphere centered at the origin and an unfolded protein

chain with center of mass located at a distance of rsep along the z axis.
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The excess chemical potential of dilute polypeptide in a

suspension of hard spheres arising from steric intermolecular

interaction is given by (Minton, 1998):

Dmi

kT
¼ VTS;izS 1OðZ2

SÞ1 . . . ; (27)

where k is Boltzmann’s constant, VTS,i is the covolume of

polypeptide species i and sphere, and zS is the number den-

sity of spheres. In spherical polar coordinates, the covolume

is given by

VTS;i ¼ 4p

Z N

0

½1� P0;iðrsepÞ�r2sepdrsep

¼ 4pr
3

S

Z N

0

½1� P0;ið fsepÞ� f 2sepdfsep; (28)

where P0 is the probability that a sphere at distance rsep from
the center ofmass of the tracer will not intersect any part of the

tracer. The fraction of volume occupied by spheres is given by

f ¼ 4pr
3

S

3
zS: (29)

Combination of Eqs. 27–29 yields

Dmi

kT
¼ 3

Z N

0

½1� P0;ið fsepÞ� f 2sepdfsep
� �

f1Oðf2Þ1 . . . :

(30)

To estimate the contribution of higher order terms not eval-

uated explicitly in Eq. 30, we shall treat each tracer species as

an effective hard sphere of radius reff,i , which is a function ofN
and fG,i. The covolume of this effective hard sphere and the

hard sphere of radius rS is (see, for example, Minton, 1998)

VfHSg
TS;i ¼ 4p

3
ðreff;i 1 rSÞ3: (31)

The value of reff,i is then obtained by setting V
fHSg
TS;i equal to

VTS,i calculated according to Eq. 28, yielding

Reff;i [
reff;i
rS

¼ 3

Z N

0

½1� P0;ið fsepÞ� f 2sepdfsep
� �1=3

�1: (32)

In the context of the effective hard particle approximation,

the free energy of steric interaction between the ith denatured
species and a hard sphere fluid may be estimated to all orders

of f using the scaled particle theory of hard sphere mixtures

(Lebowitz et al., 1965):

Dmi

KT
¼ �lnð1� fÞ1A1;iQ1A2;iQ

2 1A3;iQ
3
; (33)

where

Q[
f

1� f

A1;i ¼ R
3

eff;i 1 3R
2

eff;i 1 3Reff;i

A2;i ¼ 3R3

eff;i 1 4:5R2

eff;i

A3;i ¼ 3R3

eff;i:

For the effective hard particle approximation to be validly

used to estimate higher order contributions to the total free

energy of excluded volume interaction, the ‘‘soft’’ part of

the repulsive potential of mean force acting between the

polypeptide chain and the hard sphere must be short-ranged

relative to the size of the hard repulsive core (Hall and

Minton, 2003). This condition was checked and found to be

met for the calculations whose results are presented below.

Excluded volume interaction between an
unfolded polypeptide chain and a hard sphere:
equivalent hard sphere model

The polypeptide chain with radius of gyration RG,i is mod-

eled as a hard sphere with an effective radius

r
fHSg
eff;i ¼

ffiffiffiffiffiffiffiffi
5=3

p
RG;i: (34)

Defining the scaled radius Reff;i ¼ r
fHSg
eff;i =rS; the value of Dmi

is calculated using Eq. 33.

Excluded volume interaction between an unfolded
polypeptide chain and a hard rod: Gaussian
cloud model

The free energy of steric interaction between a tracer hard

convex particle and a polymeric cosolute has been estimated

using the model of Ogston (Ogston, 1958; Ogston, 1970) and

Giddings et al. (1968), according to which it is assumed that

the polymer is sufficiently large that only part of the chain,

modeled as a hard rod, can interact with the tracer particle. In

this section, we estimate the free energy of steric interaction

between a denatured protein with radius of gyration RG and

a polymer modeled as a hard rod of radius rcyl.
Fig. 5 illustrates the following system of cylindrical

coordinates. The origin is defined as the point on the rod axis

closest to the center of mass of the protein coil. A position is

designated by the coordinates fr,L,ug, where r is the distance
from the cylinder axis, u is the angle between the vector r and
the plane defined by the cylindrical axis and the center of

mass of the protein, and L is the distance along the rod axis

from the origin. Thus the interior of the rod is defined by all

points such that 0 , r # rcyl , 0 , u # 2p, �N , L , N.

The volume element dV(r,u,L) is given by r du dr dL. We

wish to calculate rp , the distance between the point fr,u,Lg
and the center of mass of the protein coil. From Fig. 4 we see

that

r2p ¼ L2 1 r2sep 1 r2 � 2rsep r cos u: (35)

The probability that no part of the denatured protein inter-

sects the hard rod located at a distance rsep from the center

of mass of the protein is
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lnP0 ¼
Z
Vrod

ln poðr; u; LÞdV

¼ �
Z 2p

0

Z N

�N

Z rcyl

0

rðrpÞr dr dL du

¼ �4

Z p

0

Z N

0

Z rcyl

0

rðrpÞr dr dL du: (36)

Combining Eqs. 16, 35, and 36, we obtain

lnP0;iðrsep; rcylÞ ¼ � 3n

pR2

G;i

exp �3r
2

sep

2R2

G;i

 !
3

Z p

0

Z rcyl

0

exp � 3

2R
2

G;i

ðr2 � 2r rsep cos uÞ
" #

r dr du:

(37)

We now introduce the following scaled (dimensionless) var-

iables:

rsep [ fsep rcyl

RG;i [ fG;i rcyl

r[ x rcyl: (38)

Substituting the scaled variables into Eq. 37, we obtain

lnP0;ið fsepÞ ¼ � 3n

pf
2

G;i

exp �3f
2

sep

2f
2

G;i

 !

3

Z p

0

Z 1

0

exp � 3

2f 2G;i
ðx2 � 2xfsep cos uÞ

" #
x dx du:

(39)

The excess chemical potential of a tracer particle in a polymer

solution modeled as a suspension of hard rods, due to inter-

molecular excluded volume interactions, is well described by

the first order term

Dmi

kT
¼ VTR;izR; (40)

where VTR,i is the covolume of the ith tracer species and rod,
and zR is the number density of rods (Giddings et al., 1968;

Ogston, 1970, 1958). This relation may be generalized to the

case where the tracer is a coil rather than a hard sphere. The

covolume may be expressed in cylindrical coordinates as

VTR;i ¼ 2pl

Z N

0

½1� P0;iðrsepÞ�rsep drsep

¼ 2plr
2

cyl

Z N

0

½1� P0;ið fsepÞ� fsep dfsep; (41)

where l is the length of the rod and P0 is the probability that

a rod at a distance of rsep from the center of mass of the tracer

particle does not intersect any part of the tracer particle. The

total fraction of volume occupied by rods is given by

f ¼ pr
2

cyll zR: (42)

Combining Eqs. 40–42, we obtain

Dmi

kT
¼ 2

Z N

0

½1� P0;ið fsepÞ� fsep dfsep
� �

f: (43)

The excluded volume contribution to the chemical potential

of a hard sphere in a polymer solution modeled as a random

array of hard rods is given by (Ogston, 1970; Minton, 1983)

m
exc: vol

kT
¼ 11

rHS
rcyl

� �2

f: (44)

By setting the chemical potentials expressed in Eqs. 43 and

44 equal, we may define an equivalent hard sphere radius cor-

responding to the ith unfolded species:

Reff;i [
reff;i
rcyl

¼ 2

Z N

0

½1� P0;ið fsepÞ� fsep dfsep
� �½

�1: (45)

The value of reff,i calculated according to Eq. 45 is the radius
of an effective hard sphere calculated using the Gaussian

cloud model, defined with respect to excluded volume in-

teraction with a hard rod. It is stressed that this value is not
equal to the value of reff,i calculated according to Eq. 32, i.e.,
the radius of an effective hard sphere calculated using the

Gaussian cloud model, defined with respect to excluded

volume interaction with a hard sphere. The difference be-

tween the two values will be examined further in the discus-

sion section.

Intermolecular excluded volume interaction
between an unfolded polypeptide chain and
a hard rod: equivalent hard sphere model

The radius of the equivalent hard sphere representing the

polypeptide chain is calculated according to Eq. 34, and the

FIGURE 5 Cylindrical polar coordinate system for calculating steric inter-

action between a hard cylinder and an unfolded protein with center of mass

located at a distance rsep normal to the cylinder axis.
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intermolecular excluded volume potential calculated accord-

ing to Ogston (1970) and Minton (1983):

Dmi

kT
¼ 11

r
fHSg
eff;i

rcyl

 !2

f: (46)

EXCLUDED VOLUME INTERACTION BETWEEN
A NATIVE PROTEIN AND A HARD
PARTICLE COSOLUTE

It is assumed here that the native state of each of the four

proteins treated by Goldenberg may be modeled as a hard

sphere with a radius equal to
ffiffiffiffiffiffiffiffi
5=3

p
times the radius of

gyration of the native state calculated by Goldenberg. The

corresponding value of gN is then calculated using either

the scaled particle theory of Lebowitz et al. (1965) or the

available volume theory of Ogston (1958), depending upon

whether the inert cosolute is a globular protein modeled as

a hard sphere, or a polymer modeled as a matrix of rigid rods.

RESULTS AND DISCUSSION

For each of the four proteins simulated by Goldenberg,

calculations of the properties of the ensemble of denatured

states were carried out on a set of 30 states with RG values

spaced logarithmically in the range between 0.4 and 1.5

ÆR2
Gæ

½: Preliminary test calculations established that in-

creasing the density of states and/or the range of RG of the

ensemble did not significantly alter the final results. Values

of g0
i were calculated as described in the section,

‘‘Conformational statistics of a denatured protein chain;

contribution of intramolecular interaction to the chemical

potential’’. Values of gi were then calculated as a function of
f for each of several excluded volume models as described

in the prior section. The value of ÆgDæ was then calculated

according to Eq. 6 with L ¼ 30. The value of gN was then

calculated as described in Section V. Finally, the values of

ÆRð2=GÞæ½ and were calculated as functions of f according

to Eqs. 5, 9, and 10.

Denatured protein in a hard sphere fluid

The results of calculations carried out for each of four dilute

tracer proteins (native and unfolded) in various volume

fractions of a globular protein modeled as a hard sphere, with

radius equal to that assumed for native ribonuclease A (rS ¼
16.7 Å), are summarized in Fig. 6. The results of the

corresponding calculations carried out for each of the four

dilute tracer proteins in various volume fractions of polymer

modeled as a hard rod cosolute, with cylindrical radius equal

to that assumed for dextran (rcyl ¼ 7 Å) (Laurent and

Killander, 1964; Rivas et al., 1999), are summarized in

Fig. 7. The following salient points emerge.

FIGURE 6 Equilibrium average prop-

erties of four simulated proteins, plotted

as functions of the volume fraction

of hard spherical cosolute. (Top row)

Thermodynamic activity coefficients of

the native state (squares), the denatured

‘‘average state’’, calculated using the

Gaussian coil model with neglect of

long-range intramolecular steric inter-

action (triangles), taking into account

long-range intramolecular steric inter-

action (circles), and calculated using the
equivalent hard sphere model with long-

range intramolecular steric interaction

(diamonds). (Middle row) Root mean-

square radius of gyration of denatured

‘‘average state’’, calculated using the

Gaussian coil model with neglect of

long-range intramolecular interaction

(triangles), taking into account long-

range intramolecular steric interaction

(circles), and calculated using the equiv-

alent hard sphere model with long-range

intramolecular steric interaction (dia-
monds). Horizontal dotted line indicates

RG (native). (Bottom row) Change in the

apparent two-state equilibrium constant

for unfolding. Symbols denote different

models as described above for the mid-

dle row.
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1. Results of calculations carried out using unperturbed

polypeptide size distributions obtained by Goldenberg

that respectively neglect and explicitly take into account

long-range intramolecular steric exclusion in the un-

folded protein are plotted in Fig. 6. Comparison of these

results indicates that neglect of steric exclusion acting

between residues that are not adjacent on the peptide

chain results in a), a reduction of ;50% in the calculated

difference between the free energies of the (equilibrium

average) unfolded and native states at all nonzero volume

occupancies, b), a more compact equilibrium average con-

formation at all degrees of fractional volume occupancy,

and consequently, c), a significant underestimate of the free

energy of stabilization of the native state relative to the

equilibrium average unfolded state at all nonzero degrees

of fractional occupancy. An even more dramatic conse-

quence of neglecting long-range intramolecular steric

exclusion is shown in Fig. 8, in which is plotted the

calculated distribution of the radius of gyration of unfolded

BPTI and a-TS at different values of the fractional volume

occupancy of hard sphere cosolute. When long-range

intramolecular steric exclusion is neglected (panels B and

B#), at higher values of fractional volume occupancy a

significant fraction of the equilibrium ensemble of un-

folded protein is calculated to have a radius of gyration that

is close to or even less than that calculated for a sphere

consisting of an equal number of close packed residues

(Chan and Dill, 1991), hence physically unrealizable. In

summary, we find that neglect of intramolecular excluded

volume leads to large qualitative errors in the predicted

conformation and energetics of unfolded polypeptides in

crowded fluids.

2. The Gaussian cloud and equivalent sphere models predict

a qualitatively (and in favorable cases quantitatively)

similar dependence of the average thermodynamic

activity and conformation of unfolded polypeptides upon

the fractional volume occupancy of both hard sphere and

hard rod cosolutes, and a correspondingly similar de-

pendence of the free energy of stabilization, as reflected

in the equilibrium constant for unfolding. Since the two

approximate models for intermolecular excluded volume

interaction of unfolded polypeptide and hard sphere

crowder are rather different, this finding suggests at first

glance that the results are insensitive to details of the

model for intermolecular excluded volume. As will be

discussed subsequently, this is only partially true.

3. Model calculations predict that high concentrations of

a stable globular protein, modeled as a hard sphere, or

a random coil polymer, modeled as a hard rod, can

substantially stabilize the compact native state of a dilute

test protein relative to its equilibrium average denatured

state. For a given volume fraction of cosolute, the mag-

FIGURE 7 Equilibrium average

properties of four simulated proteins,

plotted as functions of the volume

fraction of hard rod cosolute. (Top
row) Thermodynamic activity coeffi-

cients of the native state (squares), the

denatured ‘‘average state’’, calculated

using the Gaussian coil model taking

into account long-range intramolecular

steric interaction (circles), and calcu-

lated using the equivalent hard sphere

model with long-range intramolecular

steric interaction (diamonds). (Middle

row) Root mean-square radius of gyra-

tion of denatured ‘‘average state’’, cal-

culated using the Gaussian coil model

taking into account long-range in-

tramolecular steric interaction (circles),

and calculated using the equivalent hard

sphere model with long-range intra-

molecular steric interaction (diamonds).

Horizontal dotted line indicates RG

(native). (Bottom row) Change in the

apparent two-state equilibrium constant

for unfolding. Symbols denote different

models as described above for the mid-

dle row.
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nitude of the stabilizing effect strongly depends upon

the size of the test protein relative to the stable solute,

a direct reflection of the highly nonlinear dependence of the

free energy of cavity formation in a volume-occupied fluid

upon the size of the cavity (Lebowitz et al., 1965). In the

particular numerical simulations presented here, the stable

globular cosolute protein was selected to be approximately

the size of a native ribonuclease A molecule, and the

diameter of the hard rod cosolute selected to be ap-

proximately that of an individual chain of dextran.

The extent to which excluded volume effects in crowded

solutions are predicted by this model to influence the

chemical potential and conformation of an unfolded poly-

peptide chain seems surprisingly large. The increase in

chemical potential is several times greater than that estimated

by Zhou (2004a,b), and significantly greater than our

previous treatment (Minton, 2000). It is therefore necessary

to examine each of the assumptions and approximations un-

derlying the model and to inquire whether that approxima-

tion might lead to a qualitative error in the resulting

numerical estimate.

1. It is assumed that the magnitude of both intra- and

intermolecular interactions may be specified as explicit

functions of a single variable, namely the radius of gyration

of a particular state. Although this is clearly somewhat of

an oversimplification, it does not automatically follow that

the assumption leads to gross numerical errors. Moreover,

the assumption is indisputablymore realistic than the naive

two-state approximation underlying most current models

of protein stability, as it permits variation in chain di-

mension, and corresponding changes in chain free energy,

in response to imposed changes in external conditions or

intra- and intermolecular forces. Our analysis of Golden-

berg’s results yields a well-defined phenomenological

correlation, expressed in Eq. 12, between the free energy of

chain compression or expansion and the radius of gyration.

Whether the intermolecular excluded volume interaction

between an unfolded polypeptide and other molecules

modeled as hard particles may be adequately described as

a function solely of the radius of gyration of the poly-

peptide is a more complex question. One can envisage

conformations of the polypeptide chain with different

degrees of anisometricity (deviation from spherical sym-

metry) that have the same radius of gyration, and these

would not be expected, a priori, to have the same excluded

volume interactions with hard particle fluids. However,

since a sphere is the most compact conformation that can

be adopted by a body of fixed volume, to the extent that we

are neglecting such conformations, we are underestimating

rather than overestimating the intermolecular excluded

volume effect attributed to a polypeptide chainwith a given

radius of gyration.

FIGURE 8 Distribution of the radius of

gyration of two simulated proteins, calculated

taking into account long-range intramolecular

steric interaction (panels A and A#), and

neglecting long-range intramolecular steric

interaction (panels B and B#). Solid curves

with unprimed labels were obtained using the

Gaussian cloud model, and dashed curves with

primed labels (panels A and A# only) were

obtained using the equivalent hard sphere

model. The vertical dotted line corresponds to

the radius of gyration of the native state, as

reported by Goldenberg (2003). Plotted distri-

butions were calculated for f¼ 0, 0.1, 0.2, 0.3,

and 0.4 (curves a–e, respectively).
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2. The Gaussian cloud model is based upon a mean-field

approximation involving a process of explicit preaveraging

over all conformations with the same radius of gyration.

In principle, one can test the validity of the preaveraging

approximation by Monte Carlo simulations, but such

simulations have not yet been performed and are beyond

the scope of this work. However, similar approximations

have served well in a variety of contexts (e.g., solution and

liquid state theories), and in the absence of direct evidence

to the contrary should not be rejected out of hand.

3. The number density of residues at distance rp from the

center of mass of the polypeptide is approximated by the

Gaussian function, Eq. 16. This approximate function

becomes progressively unrealistic as RG shrinks toward

the value characterizing the native protein, as when RG

becomes sufficiently small, the calculated density of

residues at small rp will surpass that of the native protein,
which is regarded as a nearly close-packed entity (Richards

and Lim, 1993). If the density of the innermost residues is

constrained to a value less than or equal to that of the native

protein, then as the value of RG approaches that of the

native protein, the density of outermost residues must

decay more steeply with radial distance than predicted by

a Gaussian function. As a consequence, as the radius of

gyration of the unfolded polypeptide chain shrinks toward

that of the natively folded chain, the potential ofmean force

characterizing the excluded volume interaction between

the unfolded polypeptide chain and the hard particle

crowder will increasingly resemble that between two hard

particles. Thus, for values of RG not much larger than that

of the native protein, we may expect that the equivalent

hard sphere provides the more realistic estimate of in-

termolecular excluded volume interactions between the

(partially) unfolded polypeptide and the rigid cosolute. As

the value of RG increases and the average number density

of residues declines at all radial distances to a small fraction

of the close packing density, Eq. 13 is expected to provide

an increasingly realistic estimate of the number average

density of residues, and the Gaussian cloud model is

concomitantly expected to provide an increasingly accu-

rate estimate of the intermolecular excluded volume

interaction between an unfolded polypeptide and a hard

particle cosolute.

The two-body excluded volume interaction between the

Gaussian cloud model of an unfolded polypeptide chain with

a rigid cosolute is reflected in the value of reff , calculated
according to either Eq. 29 or Eq. 42, depending upon whether

the cosolute is modeled as a hard sphere or hard rod. These

values may be compared with that obtained assuming that the

unfolded polypeptide may be treated as an equivalent hard

sphere, as in Eq. 31. The values of reff for each of the four

unfolded test proteins, calculated according to all three

equations, are plotted as a function of RG in Fig. 9. An un-

expected result obtained for all four proteins is that as RG

shrinks toward the value characteristic of the native folded

protein, the value of reff approaches that of the equivalent hard
sphere, which we expect to realistically describe the excluded

volume interaction in the limit of small RG (see above). At

large values of RG, the Gaussian cloud model polypeptide

excludes less volume to a hard sphere cosolute than does the

equivalent sphere (as expected), but, interestingly, the

Gaussian cloud model polypeptide excludes as much or

more volume to a hard rod cosolute than does the equivalent

sphere. For the three smallest test polypeptides, the equivalent

hard sphere model appears to provide an extremely simple

method for estimating the free energy of excluded volume

interaction of an unfolded polypeptide with a polymer

modeled as a rigid rod.

We return to the question of why two quite dissimilar

models for the intermolecular excluded volume interaction

between an unfolded polypeptide chain and a rigid cosolute

predict qualitatively (and sometimes semiquantitatively)

similar dependences of the chemical potential of the

unfolded chain upon the concentration of cosolute. The

answer seems to be that the model predictions are most

dissimilar for those chain conformations with large values of

RG. Such conformations are only important when fractional

volume occupancy is low, as shown in Fig. 8, and the

contribution of intermolecular excluded volume to the total

FIGURE 9 Dependence of the effec-

tive hard sphere radius for two-body

excluded volume interaction upon ra-

dius of gyration. Vertical dotted lines in

each plot indicate the radius of gyration

of the native state of the respective test

protein (Goldenberg, 2003). Solid

curves are the result of the equivalent

hard sphere approximation, in which the

effective hard sphere radius is propor-

tional to the radius of gyration. Dashed

and dot-dashed curves are the results of

Gaussian cloud model calculations of

excluded volume interaction of each

polypeptide chainwith a hard sphere and

hard rod cosolute, respectively.
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chemical potential of the unfolded chain is relatively low, so

the overall discrepancy is not major. As fractional volume

occupancy of rigid cosolute, and consequently the contribu-

tion of intermolecular excluded volume to the total chemical

potential of the chain increases, chain conformations with

smaller values of RG become increasingly important. The

results shown in Fig. 9 indicate that as RG shrinks toward the

value characterizing the native state, the free energies of

intermolecular excluded volume interaction calculated

according to the Gaussian cloud and equivalent hard sphere

models tend to converge toward the correct limit and hence

each other.

The results presented in this article are deemed to be more

realistic than previous estimates of the effect of intermolec-

ular excluded volume on protein stability (Minton, 2000;

Zhou, 2004a,b) for the following reasons:

1. The magnitude of the stabilizing effect deriving from

excluded volume interaction between a protein and a hard

sphere cosolute is somewhat greater than that predicted

earlier by Minton (2000). The difference is attributed to

a more realistic treatment of the conformational statistics

of the unfolded polypeptide chain in the current model.

Mutual volume exclusion of different segments of the

unfolded polypeptide disfavors more compact conforma-

tions, causing the polypeptide to appear larger and to

exclude more volume to crowder (compare panels A and

A# to panels B and B# of Fig. 8), thereby increasing its

chemical potential in the presence of a given concentra-

tion of crowder, as indicated in Fig. 6.

2. To calculate DDG, the change in the free energy of

unfolding arising from intermolecular excluded volume,

Zhou (2004a,b) separately calculated the chemical poten-

tial of native and unfolded states of the polypeptide in the

presence of a given concentration of hard sphere crowder.

The formalism Zhou used to calculate the chemical

potential of unfolded polypeptide describes the interaction

between a random walk and a single trap (crowder

molecule) that is correct—within the context of his

model—only to first order in crowder concentration, and

is equivalent to the first term on the right-hand side of

Eq. 27. However, Zhou calculated the chemical potential

of native polypeptide using an approximate equation of

state that describes the interaction between hard sphere

tracer and hard sphere crowder to all orders of crowder

concentration. The appearance of an apparent maximum

of the crowding effect calculated by Zhou (Fig. 4 b in Zhou
et al., 2004b) is an artifact resulting from inappropriate

comparison of two chemical potentials calculated to

different orders of crowder concentration. A calculation

that corrects approximately for this internal inconsistency

(available upon request) indicates that the physical model

of Zhou (2004a,b) predicts an effect of hard sphere

crowding on protein stability that is comparable in mag-

nitude to estimates obtained in the current work.

In the last analysis, the success or failure of a theorymust be

judged by its ability to account for or to predict experimental

observations. In this work, we present amodel for the effect of

excluded volume by macromolecular cosolutes on protein

stability with respect to denaturation. Despite widespread

research on the subject of protein stability for many years, the

number of experimental results with which this model may be

validly compared is very limited. This is because in general,

the effect of high concentrations of an added substance or

combination of substances upon the stability of a trace protein

may be due at least in part to specific and nonspecific in-

teractions between the added substance and the trace protein

other than excluded volume. For example, the effect of high

concentrations of different size fractions of polyethylene

glycol (PEG) on protein stability cannot be attributed solely

to excluded volume interactions, as composition-dependent

weakly attractive interactions between a variety of proteins

and PEG are well documented (Tubio et al., 2004). However,

two recent studies offer some reasonable basis for comparison

with the current model, as they report effects of added dextran

and Ficoll, two polymers that have been found to interact with

a variety of native proteins essentially entirely via excluded

volume (Laurent, 1963a,b; Laurent and Ogston, 1963). To

facilitate comparison of experimental data with experiment,

the fractional volume occupancy corresponding to a particular

weight concentration is calculated according to

fpolymer ¼ vexclusion wpolymer; (47)

where w is the w/v concentration of polymer, and vexclusion is
the specific volume of exclusion of the polymer with respect

to the tracer solute. (Note that this volume is not equal to the

partial specific volume of the polymer, which is defined as

the volume excluded to solvent. The significance of vexclusion
is discussed in Zimmerman and Minton (1993).)

Relative stability of the molten globule and fully
unfolded forms of cytochrome c at pH 2.0

At pH2.0 and low ionic strength, cytochrome c unfolds, but in
the presence of high concentrations of either salt or the inert

polymer dextran, acquires a compact nonnative structure

referred to asmolten globule via an apparent two-state process

(Goto et al., 1990; Sasahara et al., 2003). Sasahara et al.

(2003) measured the fraction of protein present in the fully

unfolded form, fU, at different dextran concentrations via

circular dichroism spectroscopy, and these data may be

transformed into estimates of the equilibrium constant for

unfolding of the molten globule according to

KMU ¼ fU
1� fU

: (48)

The value of KMU in the absence of added dextran is

denoted by Ko
MU: The experimentally measured dependence

of KMU=K
o
MU upon the fraction of solution volume occupied
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by dextran is plotted in Fig. 10. Also plotted for comparison

are the corresponding dependences of calculated KND=K
o
ND

for each of the four test proteins using the Gaussian cloud

model with hard rod crowder. The model predicts that the

expected degree of stabilization deriving from intermolec-

ular excluded volume is extremely sensitive to the size of the

tracer protein relative to the size of the hard particle cosolute.

Since the molten globule state of a protein is almost as

compact as that of the native state, the near-coincidence of

the measured dependence of KMU=K
o
MU upon f for cyto-

chrome c (molecular weight 12,500) and the predicted

dependence of upon f for the similarly sized RNase A

(molecular weight 13,500) lends confidence in the quanti-

tative capability of this model.

Stability of native ribonuclease A with respect to
urea denaturation

Tokuriki et al. (2004) measured changes in the circular

dichroism spectrum of ribonuclease A at 222 and 275 nm

at pH 3.0 in the presence of 2.4 M urea and various

concentrations of Ficoll 70. These authors estimated that

under these conditions, in the absence of Ficoll the protein

was ;75% unfolded. Assuming a linear relationship be-

tween ellipticity and fractional folding, one may convert the

data presented in Fig. 2, panels C and D, of Tokuriki et al.
(2004) into estimates of the fraction of folded protein, which

is plotted as a function of Ficoll concentration in Fig. 11.

Also plotted in the figure are the best fits to these data of the

Gaussian cloud model for RNase with hard sphere and hard

rod crowder, calculated as described in the Appendix. The

hard sphere crowder model, but not the hard rod crowder

model, can satisfactorily fit the observed dependence. This is

not surprising, as Ficoll 70 is a highly cross-linked polymer

that is much more compact than a random coil polymer,

although less compact than a native protein (Table 2).

Because the analogy between Ficoll 70 and a hard sphere is

only approximate, the significance of the best-fit parameter

values given in the figure legend is only qualitative; namely,

they are not obviously unphysical.

Compaction of a random coil polymer chain in
concentrated polymer solutions

Tokuriki et al. (2004) measured the tracer diffusion coef-

ficient of fluorescently labeled PEG 11700 via fluorescence

correlation spectroscopy in solutions containing various

concentrations of Ficoll 70, and interpreted their results in

terms of the effective Stokes’ radius of the equivalent

FIGURE 10 Dependence of the equilibrium constant for unfolding upon

fractional volume occupancy of dextran. (Solid squares) Calculated from the

experimental results of Sasahara et al. (2003) for the two state transition

between molten globule and fully unfolded forms of cytochrome c at pH 2.0,

with vexclusion ¼ 0.8 cm3/g (Rivas et al., 1999). (Open symbols) Calculated

for each of the four test proteins using the Gaussian cloud model of the

unfolded state(s). (Dotted line) v-MVIIa-gly. (Dot-dashed line) BPTI.

(Dashed line) RNase. (Solid line) a-TS.

TABLE 2 Intrinsic viscosity of different classes of

macromolecules; intrinsic viscosity is proportional to the ratio

of hydrodynamic volume to mass, hence roughly inversely

proportional to average molecular ‘‘density’’ (Tanford, 1961)

Molecular weight [h] (cm3/g)

Globular proteins 13,000– 250,000 3.3–4.0*

Ficoll 70 70,000 (average) 10y–13z

Dextran T70 70,000 (average) 280§

*Tanford (1961).
yAmersham Biosciences Ficoll PM 70 product data sheet.
zCalculated from measurements of Busch et al. (2000).
§Pharmacia product specification, lot 16108.

FIGURE 11 Fraction of folded ribonuclease A at pH 3.0, plotted as

a function of the fractional volume occupancy of Ficoll 70. Points calculated

from molar ellipticity data of Tokuriki et al. (2004) at 222 nm (circles) and

275 nm (squares). Curves represent best fits of Eqs. 40) and 42 to the data

when the activity coefficients are calculated using expressions given in the

text for activity coefficients of folded and unfolded species given by the

Gaussian cloud model for hard sphere crowder (solid curve) and hard rod

crowder (dashed curve). Best fit parameter values for the hard sphere crowder

model are logKo
u ¼ 0:6; rnative/rcrowder ¼ 0.34, vexclusion ¼ 1.31 cm3/g.
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hydrodynamic particle. Relative values of rh taken from the

cited publication are plotted against the fractional volume

occupancy of Ficoll 70 in Fig. 12. For comparison, relative

values of ÆR2
Gæ

½ of the unfolded ‘‘state’’ of similarly sized

RNase (MW 12500) are also plotted as a function of fFicoll.

Although the hydrodynamic radius and the radius of gyration

reflect different properties of a polymer chain and are hence

not strictly comparable, the observation that these two

quantities undergo a roughly parallel fractional decrease with

increasing Ficoll concentration lends additional confidence

in the semiquantitative significance of the calculated result.

Overall, we find that quantitative predictions of the models

presented here are in reasonable harmony with the limited ex-

perimental data with which they may be properly compared,

supporting the claim that the current model represents, at

a minimum, a valid first-order picture of the underlying

phenomena. Further progress will require additional critical,

well-controlled experimental studies, and refinement of the

theory, hopefully with the benefit of additional insightful

simulations such as those provided by Goldenberg (2003).

APPENDIX: SEMIEMPIRICAL MODEL FOR
FRACTIONAL FOLDING AS A FUNCTION OF
COSOLUTE CONCENTRATION AND RELATIVE
SIZE OF TRACE PROTEIN AND RIGID COSOLUTE

The value of log KNDðfÞ=Ko
ND was calculated as a value of f and R[ rN=rC;

where rC is either the radius of a hard sphere cosolute or the cylindrical

radius of a hard rod cosolute, via interpolation between 20 ‘‘data points’’ of

the form ff;R; logKNDðfÞ=Ko
NDg calculated from the Gaussian cloud

model as described in the text. The ‘‘data points’’ for each model cosolute

(hard sphere and hard rod) were calculated for five values of f, spanning the

range 0–0.4, and four values of R, spanning the range 0.3–1.3 for the hard

sphere cosolute and 0.8–3.0 for the hard rod cosolute. Each ‘‘data set’’ was

fitted by a two dimensional polynomial of the form

logKNDðfÞ=Ko

ND ¼ +
3

i¼0

+
3

j¼0

Cijf
i
R

j
: (A1)

This function fitted both data sets with root mean-square residuals of

,0.02. Once the best-fit values of Cij—one set for each model

cosolute—were determined in this fashion, they were fixed and no longer

regarded as adjustable parameters.

Using Eq. A1 with no parameter adjustment together with Eq. 44, KND

may be calculated as a function of the weight/volume concentration of

cosolute together with the following adjustable parameters Ko
ND; R, and

vexclusion. Then the fraction of natively folded protein is calculated from the

two-state model according to

fF ¼ 1

11KND

: (A2)
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